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We present a comprehensive investigation of polymer diffusion in the semidilute regime by fluo-
rescence correlation spectroscopy (FCS) and dynamic light scattering (DLS). Using single-labeled
polystyrene chains, FCS leads to the self-diffusion coefficient while DLS gives the cooperative diffu-
sion coefficient for exactly the same molecular weights and concentrations. Using FCS we observe a
new fast mode in the semidilute entangled concentration regime beyond the slower mode which is due
to self-diffusion. Comparison of FCS data with data obtained by DLS on the same polymers shows
that the second mode observed in FCS is identical to the cooperative diffusion coefficient measured
with DLS. An in-depth analysis and a comparison with current theoretical models demonstrates
that the new cooperative mode observed in FCS is due to the effective long-range interaction of the
chains through the transient entanglement network.
I. INTRODUCTION
Diffusion in polymer solutions is among the oldest sub-
jects of polymer physics.1,2 In general, transport by dif-
fusion can be characterized by two diffusion coefficients:
the self-diffusion coefficient Ds and the cooperative dif-
fusion coefficient Dc. Ds describes the motion of one
molecule relative to the surrounding molecules due to
thermal motions while Dc describes the motion of a num-
ber of molecules in a density gradient.3–7 The obvious
importance of diffusion in polymer physics has led to a
rather large number of studies of Dc by dynamic light
scattering (DLS),3–9 while Ds can be obtained by pulsed-
field gradient nuclear magnetic resonance4,6,7 and label
techniques like forced Rayleigh scattering10 or fluores-
cence correlation spectroscopy (FCS).11–13 However, in
many casesDs andDc could not be obtained for the same
homopolymer using the same technique. Such measure-
ments would be very interesting since a central problem
in the dynamics of semidilute entangled polymer solu-
tions is the quantitative understanding of the interplay
of self-diffusion and cooperative diffusion. Very recently
it has been found theoretically that the coupling of self-
and cooperative motion due to topological constraints is
also important for rather stiff macromolecules.14
At present, DLS is certainly among the most accu-
rate methods to measure Dc and there is a number of
careful studies conducted on polymer solutions. In prin-
ciple, FCS is the method of choice for studying diffusion
of single macromolecules in a matrix of same molecular
weight giving Ds or in a solution of polymers of different
molecular weight (tracer diffusion15–17). In opposite to
DLS, FCS requires chains labeled by a stable fluorescing
molecule. Moreover, the number of labels per macro-
molecules should be constant to arrive at results that
can be directly compared to theory. Given these prob-
lems, the use of FCS for measurements ofDs on synthetic
polymers has been scarce so far.11–13,18 Moreover, the full
potential of this method has not yet fully been exploited
yet since FCS should also allow one to obtain Dc.
19,20
Recently, a well-defined polymeric model system
has been presented and used for quantitative FCS-
measurements in dilute solution:11,12 Nearly monodis-
perse polystyrene chains have been prepared by anionic
polymerization and subsequently labeled by single flu-
orescent dye. Since the molecular weight of the differ-
ent samples span a wide range, these polymers provide a
nearly ideal model system for exploring the chain dynam-
ics over a wide range of molecular weights and concentra-
tions. Using these labeled chains, we recently presented
an in-depth study of the experimental FCS set-up11 as
well as of the dynamics in dilute solution.12
Here we pursue these studies further by present-
ing an investigation of polymer diffusion in the semi-
concentrated regime by FCS. In order to obtain accurate
data of cooperative diffusion, these studies are combine
with DLS-measurements on exactly the same molecular
weights and concentrations. Thus, Dc and Ds can now
be obtained from identical systems and directly be com-
pared. In the course of these studies we found that a
second cooperative mode becomes visible in the FCS-
experiments if the concentration exceeds a given value.
This surprising finding prompted us to conduct a full the-
oretical analysis of both the FCS- as well of the DLS-data
throughout the entire time scale and range of concentra-
tions available by these experiments. In doing so we ex-
tend the theoretical modeling beyond the usual scaling
laws. The entire study is devoted to a comprehensive
2understanding of polymer dynamics in solution ranging
from the dilute state up to the onset of glassy dynamics.
The paper is organized as follows: After the Section
Experimental we first present the FCS-data together with
the finding of the new cooperative diffusion. In the sub-
sequent section a quantitative modeling of the data in
terms of an analytical theory will be given. In the last
section special attention will be paid to possible prac-
tical applications of these findings to the spinning of
nanofibers. A Conclusion will wrap up the entire dis-
cussion.
II. EXPERIMENTAL SECTION
A. Dye Labeled Polystyrene
All experiments reported here were carried out with
linear polystyrenes having a narrow molecular weight dis-
tribution. For details of the synthesis see ref11. The
molecular weight and polydispersity of the polymers are
summarized in Table I. The solutions for the FCS ex-
periments were prepared in toluene p. a. grade by blend-
ing a constant concentration of 10−8 M Rhodamine B
labeled polystyrene with varying amounts of unlabeled
polystyrene from the same synthesis batch. Each labeled
polymer carries only one dye molecule at one of its ends.
To verify our results, additional solutions were prepared
with varying labeled polystyrene and a constant amount
of unlabeled polystyrene. We have used preparative gel
permeation chromatography to separate labeled polymer
and free dye molecules.11,21 Therefore, the resulting dye-
labled polymer does not contain any measurable amount
of free dye molecules.
TABLE I: Molecular weight Mw, polydispersity index
PDI=Mw/Mn and hydrodynamic radius Rh at infinite dilu-
tion of the polystyrenes used in the present study. The second
and the third virial coefficients A2 and A3, respectively, have
been calculated using scaling laws taken from the literature
(A2: ref
22 and A3: ref
9). c+ is the concentration at which the
second diffusion time appears in the FCS measurements.
Mw[
kg
Mol
] PDI Rh[nm] A2[
cm3Mol
g2
] A3[
cm6Mol
g3
] c+[wt%]
11.5 1.03 1.(4) 7.4·10−4 2.1·10−3 -
17.3 1.03 1.(6) 6.8·10−4 2.6·10−3 -
67.0 1.05 3.(9) 5.1·10−4 5.8·10−3 20
264 1.02 7.(3) 3.8·10−4 1.3·10−2 6.5
515 1.09 9.(8) 3.3·10−4 1.9·10−2 4.8
B. Methods
For FCS measurements we modified the commer-
cial ConfoCor2 setup (Carl Zeiss, Jena, Germany)23
with a 40× Plan Neofluar objective (numerical aper-
ture NA=0.9). The Rhodamine B labeled PS-chains
were excited by a HeNe-Ion laser at 543 nm. The in-
tensity for all measurements was 4µW in sample space.
As second setup we used a MicroTime200 (PicoQuant,
Berlin, Germany)24 with a 100× oil immersion objective
(NA=1.45). Here the detection beam path was divided
by a 50/50 beam splitter on two detectors to crosscor-
relate the signals. This crosscorrelation is necessary to
prevent distortion of the fluorescence correlation func-
tion by detector afterpulsing.25 For details of the FCS-
measurements see refs11,12,23.
Cooperative diffusion coefficientsDc were measured by
DLS using an ALV 4000 light scattering goniometer (Pe-
ter, Germany).
C. Evaluation of Data
In FCS23,26 a laser beam is focused by an objective
with high numerical aperture (typically ≥ 0.9) and ex-
cites fluorescent molecules entering the illuminated obser-
vation volume. The emitted fluorescent light is collected
by the same optics and separated from scattered light
by a dichroic mirror. The emitted light is detected by
an avalanche photo diode. The time dependent intensity
fluctuations δI(τ) = I(τ) − 〈I(τ)〉 are analyzed by an
autocorrelation function, where 〈 〉 denotes an ensemble
average. This autocorrelation function can be written
as20
G(τ) =
1
N
∫
dqΩ(q)C(q, τ) (1)
where Ω(q) = pi−
3
2w2x,ywz exp(−w2x,y(q2x+q2y)/4−w2zq2z/4)
is a Gaussian filter function characterizing the observa-
tion volume in Fourier space with
∫
dqΩ(q) = 1, N is
the average number of fluorescently labeled molecules
in the observation volume, and q = (qx, qy, qz). Here
wx,y = 296 nm is the dimension of the observation
volume perpendicular to the optical axis and wz = 8wx,y
is the dimension along the optical axis.11,12 For an
ideal gas consisting of non-interacting molecules the
initial amplitude reduces to the familiar relationship
G(0) = 1/N .23
The time-dependent fluorescence density-density au-
tocorrelation function C(q, τ) is expressed in terms of a
coupled-mode model27,28 as
C(q, τ) =
Cc(q, 0)e
−q2φc(τ)/6 + Cs(q, 0)e
−q2φs(τ)/6
Cc(q, 0) + Cs(q, 0)
(2)
where q = |q|. Here the mean square displacements φc(τ)
and φs(τ) are given by
φc(τ) = 6Dcτ , (3)
φs(τ) = 6Dsτ +Bs(τ) . (4)
The term Bs(τ) allows one to take into account the
contributions from internal polymer chain motions.2 If
3only a few of the molecules are fluorescently labeled, the
self-diffusion coefficient Ds can be measured in the FCS
experiment.12 If all of the molecules are fluorescently
labeled, the cooperative diffusion coefficient Dc can be
obtained.19 In the case that neither of these limits ap-
plies, both the self mode and the cooperative mode will
be present in the spectrum of the autocorrelation func-
tion. The diffusion coefficients can be extracted by fitting
G(τ) =∑
i∈{s,c}
Gi(0)
(
1 +
2φi(τ)
3w2x,y
)−1(
1 +
2φi(τ)
3w2z
)−1/2
(5)
to the experimental data. FCS is not only sensitive to in-
tensity fluctuations due to the motion of labled molecules
but also due to photokinetic processes of the fluorescent
dyes which occur for short times τ . 5× 10−3 ms. This
additional relaxation has been taken into account as dis-
cussed in refs11,12,21.
DLS allows one to measure the time dependent auto-
correlation function of the scattered electric field which
can be expressed in terms of the elements of the fluid
polarizability tensor.8 For an incident light wave travel-
ing in the x direction with a polarization vector in the z
direction the intensity of the scattered electric field can
be written as
IV V (q, τ) ∼
∫
dr dr′ 〈αzz(r + r′, τ)αzz(r′, 0)〉 eiq·r ,
(6)
where the absolute value of the scattering vector q is
given by q = |q| = (4pin/λ) sin(θ/2) in which n is the
refractive index of the medium. λ is the incident wave-
length and θ is the scattering angle. The zz element
of the fluid polarizability tensor is denoted as αzz(r, τ).
The experimentally accessible quantity is the intensity
autocorrelation function g
(2)
V V (q, τ). For photon counts
obeying Gaussian statistics, the intensity autocorrelation
function is related to the electric field autocorrelation
function g
(1)
V V (q, τ) according to
g
(2)
V V (q, τ) = 1 + fV V
(
g
(1)
V V (q, τ)
)2
, (7)
where fV V is dependent on the scattering geometry. The
electric field correlation function can be calculated for
various systems. For a solution containing purely diffus-
ing particles the electric field correlation function is given
by g
(1)
V V (q, τ) = exp(−q2Dcτ)/
√
fV V .
III. DIFFUSION COEFFICIENTS MEASURED
BY FCS
Figure 1 shows normalized autocorrelation functions
measured by FCS. The average number of labeled poly-
mers in the observation volume was kept constant to
N ≈ 0.8 whereas the number of unlabeled polymers in-
creases up to Nu = 3 × 106 for the 28 wt % polymer so-
lution. The thin broken curves are measured at the Con-
foCor2 setup and the thick solid curve is measured at the
MicroTime200 setup. The curves obtained at the Con-
foCor2 setup have an additional decay on the time scale
less than 10 µs. This additional decay belongs to detec-
tor afterpulsing. Hence, the evaluation of the correlation
curves has been done only for τ ≥ 10 µs as indicated
by the dotted line in Figure 1. For low polymer con-
centrations we obtained correlation curves with a single
diffusion time. With increasing polymer concentration
the correlation curves shift to higher diffusion times.
As an entirely new finding, Figure 1 presents a new
mode related to a second diffusion time measured with
FCS at higher polymer concentrations. This second diffu-
sion time appears at shorter time scales than the one re-
lated to self-diffusion. The concentration c+ at which the
second diffusion time is detected depends on the molecu-
lar weight: The higher the molecular weight, the lower is
c+ (see Table I). In general c+ is about 15× the overlap
concentration determined in an earlier study.12 For the
concentration c+ the ratio between these two diffusion
times is in the range of 60. From both diffusion times
we calculated the diffusion coefficients from the relations
given above.
In Figures 2 and 3 all diffusion coefficients measured
with FCS and DLS are compared at identical conditions.
At infinite dilution both diffusion coefficients Ds and Dc
have the same value. In dilute solutions Ds and Dc show
a linear dependency on the concentration as expected
according to the Kirkwood-Riseman theory.29 But Ds
decreases whereas Dc increases with increasing polymer
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FIG. 1: Normalized autocorrelation function obtained from
FCS for polystyrene of molecular weight Mw = 67 kg/Mol
in toluene for various polymer concentrations: 0.03 wt% (–
–), 9.1 wt% (– ·), 20 wt% (– ··) and 28 wt% (—). A second
diffusion time appears at 20 wt% on a shorter timescale com-
pared to self-diffusion. The thick solid line is the normalized
crosscorrelation curve without detector afterpulsing for the
28 wt% polymer solution. The dotted vertical line marks the
time scale above which this artefact becomes negligible, i.e.,
the solid thin and thick lines coincide for τ > 0.01 ms.
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FIG. 2: Comparison of self-diffusion coefficients (Ds, •) with
cooperative diffusion coefficients (Dc, ♦) for different molecu-
lar weights: Mw = 11 and 17 kg/Mol (top and bottom). Open
and solid symbols refer to DLS and FCS measurements, re-
spectively. The solid lines represent Ds calculated according
to eq 8 withDc as input from DLSmeasurements. The dashed
lines represent Dc calculated vice versa, i.e., with Ds as input
from FCS experiments. Insets: Measured ratio Dc/Ds (sym-
bols) together with the corresponding ratio obtained from eqs
8 and 9 within a third order virial approximation (see Table
I).
concentration. The decrease of Ds is due to the friction
between the chains and the increase of Dc is due to the
increasing osmotic pressure.30,31 At high concentrations
Dc exhibits a maximum.
The insets in Figure 2 and Figure 3 show the ratio
Dc/Ds of measured values. The lines are theoretical val-
ues calculated according to6,7
Dc
Ds
= (1− v¯c) dΠ
dc
(8)
with the partial specific volume of the polymer v¯ and the
polymer concentration c. The dependence of the osmotic
pressure on c can approximated by a virial expansion
dΠ
dc
= 1 + 2A2Mwc+ 3A3Mwc
2 + . . . , (9)
where A2 and A3 are the second and third virial coef-
ficients, respectively, and Mw is the molecular weight.
For the calculation of dΠ /dc we used the correspond-
ing values from the literature gathered in Table I and
v¯ = 0.916 cm3/g.32 The measured and the calculated ra-
tio are well described as demonstrated by the inset of
Figures 2 and 3. The self-diffusion coefficients Ds can
be determined from the cooperative diffusion coefficient
Dc obtained by DLS measurements and vice versa. Ds
and Dc can be measured with high accuracy by FCS and
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FIG. 3: Comparison of self-diffusion coefficients (Ds, •)
with cooperative diffusion coefficients (Dc, , ♦) for differ-
ent molecular weights: Mw = 67, 264 and 515 kg/Mol (from
top to bottom). Open and solid symbols refer to DLS and
FCS measurements, respectively. The solid lines represent
Ds calculated according to eq 8 with Dc as input from DLS
measurements. The dashed lines represent Dc calculated vice
versa, i.e., with Ds as input from FCS experiments. For
comparison the dotted lines represents the scaling predic-
tion Ds ∼ M
−2
w c
−7/4 for long polymer chains in the semidi-
lute entangled regime (see eq 12). Insets: Measured ratio
Dc/Ds (symbols) together with the corresponding ratio ob-
tained from eqs 8 and 9 within a third order virial approxi-
mation (see Table I).
DLS using the same polymers. Their relation is fully
understood in terms of eq 8. For comparison we note
that both the molecular dye diffusion coefficient and the
macromolecular tracer diffusion coefficient decrease with
increasing concentration of the matrix polymer.17
Figure 4 displays the amplitudes Gi(0) (see eq 5) as
a function of N for polystyrene with Mw = 67 kg/Mol
at 20 wt%. The amplitude of the self-diffusion mode
Gs(0) is proportional to 1/N . In the presence of non-
correlated background signal (scattering, afterpulsing,
electronic noise) this is modified to 1/N − 2b/N2.23 Here
b is proportional to the noise intensity, which is assumed
to be significantly smaller than the fluorescence signal.
For the cooperative mode one finds an amplitude scaling
of 1 − 2bN . For sufficiently small b, this will yield a de-
pendence as shown by Figure 4 for the fast correlation
component.
50.5 1.0 1.5 2.0
0.0
0.5
1.0
1.5
G
S,
C
(0
)
N
FIG. 4: Amplitudes Gs(0) (•) and Gc(0) () extrapolated
from the measured FCS-autocorrelation function G(τ ) as a
function of labeled molecules N for polystyrene with Mw =
67 kg/Mol at 20 wt%. For the self-diffusion Gs(0) ∝ 1/N (–
–), while Gc(0) exhibits a linear dependence on N (—) for
the cooperative diffusion.
The ratio Gc(0)/G(0) is a non-monotonic function of
the concentration for a fixed number of labeled molecules
N . It increases form 0 to a value below 1 at the concen-
tration c+. Gc(0)/G(0) slightly decreases upon further
increasing the concentration in the semidilute entangled
regime. Finally, it increases upon approaching the glass
transition concentration.
IV. SCALING THEORY AND LANGEVIN
EQUATION APPROACH
In the following section, the findings presented in the
previous sections will be compared to current models of
polymer diffusion.
A. Scaling theory and reptation model
The application of scaling theory and the reptation
model to polymer solutions has been presented in various
treatises (see, e.g., refs1,2,33,34). Hence, we only discuss
the equations necessary for this study. Three concen-
tration regimes can be distinguished: dilute, semidilute
unentangled, and semidilute entangled solutions. Scal-
ing arguments and the reptation model lead to following
relations for the self-diffusion coefficient Ds and the co-
operative diffusion coefficient Dc:
Ds = Dc ∼M−3/5w c0 , c≪ c∗ , (10)
Dc ∼ M0w c3/4 , c > c∗ , (11)
Ds ∼ M−2w c−7/4 , c > c∗∗ . (12)
Here the overlap concentration c∗ is the boundary con-
centration between the dilute and semidilute regimes.
This concentration depends on molecular weight as
c∗ ∼M1−3νw =M−4/5w , (13)
where the Flory exponent ν = 3/5 for a good solvent has
been used. The crossover concentration from the semidi-
lute unentangled to the semidilute entangled regime is
denoted as c∗∗.
For very low concentrations in the dilute regime, the
self-diffusion coefficient is indistinguishable from the co-
operative diffusion coefficient as is apparent from Fig-
ures 2 and 3. In Figure 5 the self-diffusion coefficient
is plotted as a function of the molecular weight Mw for
a fixed concentration c = 9.1 wt %. The experimental
data (solid squares) follow the scaling laws given by eq 10
(dashed line) and eq 12 (solid line) for Mw ≤ 20 kg/Mol
and Mw ≥ 264 kg/Mol, respectively. Moreover, Ds is
rather independent of concentration for c . 10 wt % in
the case of the low molecular weight solution (see Figure
2 and eq 10). The concentration dependence of Ds of the
higher molecular weight solutions (Mw ≥ 264 kg/Mol) is
in accord with the scaling prediction for the reptation
model (eq 12) which is represented in Figure 3 by the
dotted lines. Hence the FCS measurements verify the
basic scaling and reptation theory for semidilute entan-
gled polymer solutions similar to earlier forced Rayleigh
scattering experiments of polystyrene in benzene.10,35
101 102 103
10-9
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FIG. 5: The self-diffusion coefficient Ds (•) measured by FCS
at the fixed concentration c = 9.1 wt % as a function of the
molecular weight Mw. The dashed and solid lines of slope
M
−3/5
w (see eq 10) and M
−2
w (see eq 12), respectively, repre-
sent two asymptotic scaling regimes.
In the limit c → 0 the experimental data follow the
scaling law given by eq 10 irrespective of the molecular
weight,12 i.e., also the higher molecular weight PS so-
lutions obey the scaling relation Ds ∼ M−3/5w c0 . This
result is in agreement with earlier quasi-elastic light scat-
tering experiments for polystyrene in 2-butanone36 or in
benzene.3
6B. Internal motions of chains
In order to examine the influence of internal chain mo-
tions such as bending and stretching on the dynamics
(see refs37–40 and references therein), one may trace out
the internal degrees of freedom of a polymer chain by
studying the monomer mean square displacement Bs(τ)
in eq 4 in detail. Various theoretical predictions on
the time dependence of the monomer mean square dis-
placement of both continuously and single labeled DNA
molecules in aqueous solution have been verified using
FCS measurements.41–46 In these earlier experimental
and theoretical studies the Θ condition has been con-
sidered. However, for PS in toluene solutions the in-
tramolecular excluded volume interaction has to be taken
into account. In this case scaling arguments47,48 lead
to the following time dependence of the monomer mean
square displacement:
Bs(τ) = Bsτ
1/(1+1/(2ν)) = Bsτ
6/11 . (14)
It proves convenient to consider the function 1/G(τ)− 1,
which amplifies the time dependence of G(τ) for small
times, because w2z = 64w
2
x,y in eq 5.
45 If the autocorrela-
tion function G(τ) exhibits a time dependence according
to eqs 4, 5, and 14 with Gc(0) = 0, a double logarithmic
plot will directly yield the exponent 1/(1 + 1/(2ν)) for
small times provided the intramolecular dynamics domi-
nates, i.e., Bs(τ) >> 6Dsτ .
Figure 6 shows such a representation of the autocor-
relation function for the 515 kg/Mol PS chains in dilute
solution. The experimental data (solid squares) follow
the scaling law given by eq 14 (dotted line) and the dif-
fusive behavior (lower dashed line) for short and large
times, respectively. Hence for short times the decay of
the autocorrelation function is dominated by intramolec-
ular chain relaxations, while self-diffusion dominates for
large times. Figure 6 demonstrates that the measured
autocorrelation function agrees with the calculated re-
sults (solid line) obtained from eqs 4, 5, and 14 with Ds
and Bs as input. The mean displacements
√
φs(τ) as
calculated from eq 5 with Gs(0) = 1 and Gc(0) = 0 are
given by 131 nm and 598 nm for τ = 0.01 ms and τ = 1
ms, respectively.
It is apparent from Figure 6 that the contribution of
internal chain motions cannot be observed in the case of
the 17 kg/Mol PS chains in dilute solution (solid trian-
gles) because of the dominating diffusive motion (upper
dashed line). The self-diffusion coefficient Ds increases
upon decreasing molecular weight according to eq 10,
while Bs is less dependent on molecular weight. Finally,
it is worthwhile to mention the contribution of internal
chain motions to the dynamics decreases upon increasing
the polymer concentration because of the presence of the
surrounding polymer chains.47,49
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FIG. 6: The autocorrelation function 1/G(τ ) − 1 of a 515
kg/Mol () and a 17 kg/Mol (N) polystyrene solution mea-
sured by FCS in the limit c→ 0 as a function of the time τ .
The dotted and dashed lines of slope τ 6/11 (see eq 14) and
τ (see eq 4), respectively, represent two asymptotic scaling
regimes. The solid line displays the result for the 515 kg/Mol
polystyrene solution as obtained from eq 5 with eqs 4 and
14 as input. The autocorrelation function of the 17 kg/Mol
polystyrene solution (N and upper dashed line) is shifted up
by a factor of 2.
C. Cooperative diffusion
We now turn our attention to the scaling law for the
cooperative diffusion coefficient given by eq 11. Figure
7 displays the cooperative diffusion coefficient Dc of the
515 kg/Mol PS solution (solid squares) together with the
scaling law (dashed line) as a function of the concentra-
tion. Several experimental measurements have yielded
the concentration dependence Dc ∼ c0.65 instead of the
scaling prediction Dc ∼ c3/4 = c0.75.3,50–53 Various pos-
sible explanations for these deviations from the scaling
law have been discussed,54,55 such as the countermotion
of the solvent induced by the motion of the polymers. On
the basis of our results shown in Figure 7 we note that
the transition between the dilute regime with Dc ∼ c0
(dotted line and eq 10) and the semidilute unentangled
regime with Dc ∼ c3/4 (dashed line and eq 11) is not so
abrupt, as has been assumed by scaling theories, but is
a rather smooth crossover that extends over more than
one order in magnitude of concentration.
It has been emphasized that it would be desirable
to model the dynamics both in the dilute regime and
the semidilute regimes explicitly within one theoreti-
cal approach.33 Successful models should incorporate
the transition region between the dilute regime and the
semidilute regimes. In the next subsection we provide
a quantitative basis for such a modelling of cooperative
dynamical properties of polymer chains in good solution.
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FIG. 7: The normalized cooperative diffusion coefficient Dc
(; DLS) of a 515 kg/Mol polystyrene solution as a func-
tion of the concentration c. The dashed and dotted lines of
slope c3/4 (see eq 11) and c0 (see eq 10), respectively, repre-
sent two asymptotic scaling regimes. The solid line displays
the results as obtained from the Langevin and generalized
Ornstein-Zernike equation according to eqs 17 - 23. The ar-
row marks the location of the concentration c+ = 0.044 g/ml
at which the cooperative diffusion mode appears in the FCS
measurements (see Figure 3).
D. Analytical theory: Langevin and generalized
Ornstein-Zernike equation
We consider a monodisperse polymer solution consist-
ing of Ntot = N + Nu polymer chains and the solvent.
Each polymer chain carries n scattering units. The total
dynamic scattering function Stot(q, φ, τ) is defined as
Stot(q, φ, τ) =
1
Ntot n2
〈
Ntot∑
α,γ=1
n∑
j,k=1
eiq·(rαj(τ)−rγk(0))
〉
,
(15)
where q = |q| is the magnitude of the scattering vec-
tor q and 〈 〉φ denotes an ensemble average for a given
polymer volume fraction φ. Here rαj(τ) is the position
vector of the j-th scattering unit (1 ≤ j ≤ n) of the α-th
particle (1 ≤ α ≤ Ntot) at time τ . The normalized to-
tal dynamic scattering function is related to the electric
field autocorrelation function measured by DLS accord-
ing to Stot(q, φ, τ)/Stot(q, φ, 0) = g
(1)
V V (q, τ)
√
fV V . (see
eq 7). The time evolution of the total dynamic scatter-
ing function is assumed to be governed by the Langevin
equation2
d
dτ
Stot(q, φ, τ) = −Γ(q, φ)Stot(q, φ, τ) . (16)
The validity of this equation is not obvious since entan-
glements have not been taken into account in the deriva-
tion of this equation.2 However, the short time-scale dy-
namics can be described by eq 16 since the topological
constraints are not so important in the short time-scale
dynamics as is apparent from the fact that the cooper-
ative diffusion coefficient Dc is considerably larger than
the self-diffusion coefficient Ds in the semidilute entan-
gled regime (see Figure 3). The decay rate Γ(q, φ) is given
by2
Γ(q, φ) =
kBT
4pi2η
∞∫
0
dq1 q
2
1
Stot(q1, φ, 0)
Stot(q, φ, 0)
(
q21 + q
2
2q1q
log
∣∣∣∣q1 + qq1 − q
∣∣∣∣− 1
)
,
(17)
where the temperature T and the viscosity η characterize
the solvent. The volume fraction-dependent cooperative
diffusion coefficient Dc(φ) can be calculated according to
Dc(φ) = lim
q→0
Γ(q, φ)
q2
. (18)
Furthermore, the total static scattering function reads
Stot(q, φ, 0) = 1 + φh(q, φ)/(VpP (q, φ)) , (19)
where Vp is the volume of a dissolved polymer chain
and h(q, φ) is a particle-averaged total correlation func-
tion. The particle-averaged intramolecular correlation
function
P (q, φ) =
1
Ntot n2
〈
Ntot∑
α=1
n∑
j,k=1
eiq·(rαj(0)−rαk(0))
〉
,
(20)
characterizes the geometric shape of the polymer chains
at a given volume fraction φ. While the particle-averaged
intramolecular correlation function accounts for the in-
terference of radiation scattered from different parts of
the same polymer chain in a scattering experiment, the
local order in the fluid is characterized by h(q, φ). The
particle-averaged total correlation function is related to
a particle-averaged direct correlation function c(q, φ) by
the generalized Ornstein-Zernike equation of the Polymer
Reference Interaction Site Model (PRISM), which reads
(see refs56–58 and references therein)
h(q, φ) = P 2(q, φ)c(q, φ)/(1− φc(q, φ)P (q, φ)/Vp) . (21)
This generalized Ornstein-Zernike equation must be sup-
plemented by a closure relation. If the interaction sites
are simply the centers of exclusion spheres, to account for
steric effects, a convenient closure is the Percus-Yevick
approximation.56 The PRISM integral equation theory
has been successfully applied to various experimental sys-
tems such as polymers,56,59 bottle-brush polymers,60,61
rigid dendrimers,62,63 and charged colloids.64–71
The overall size of the polymer chains is reduced con-
siderably upon increasing the volume fraction implying
a concentration dependence of the particle-averaged in-
tramolecular correlation function P (q, φ). Therefore, we
8consider the following particle-averaged intramolecular
correlation function72
P (q, φ) =
(
1 + 0.549 q2r2g(φ)
)−5/6
(22)
with the volume fraction dependent radius of gyration
r2g(φ) =


r2g(0) , c < c
∗
r2g(0)
(
c
c∗
)−1/8
, c > c∗
. (23)
Here the relation between the volume fraction φ and
the concentration c is given by φ = v¯c, where
v¯ = 0.916 cm3/g is the specific weight of PS.32 The scal-
ing law given by eq 23 has been confirmed experimen-
tally for PS in a good solvent using small angle neutron
scattering.73
Figure 7 demonstrates that the measured cooperative
diffusion coefficients (solid squares) agree with the calcu-
lated results (solid line) obtained from eqs 17 - 23 both
in the dilute and semidilute regimes. In particular, the
features of the broad crossover region between the dilute
and the semidilute regimes are captured correctly by the
integral equation theory. In the calculations the model
parameter c∗ = 0.0032 g/ml 12 and rg(0) = 32.8 nm for
the 515 kg/Mol PS solution has been used. This radius of
gyration is about 6 % larger than corresponding radii of
gyration of PS in various good solvents.9,22,74,75 The de-
viation between the radius of gyration used in the calcu-
lations and the radii of gyration reported in the literature
might be due to the fact that the hydrodynamic interac-
tion has been taken into account in terms of the Oseen
tensor in order to derive eq 17. Using the Rotne-Prager
tensor76,77 as a first correction to the Oseen tensor will
improve the results. Moreover, the size polydispersity
Mw/Mn = 1.09 of the 515 kg/Mol PS solution leads to a
diffusion coefficient which is characteristic for monodis-
perse polymers of larger radius of gyration.78
Finally, we note that the maximum ofDc in the semidi-
lute entangled regime marks the onset of glassy dynamics
which is discussed in ref53. The friction-controlled dy-
namics in this concentration regime is not captured by
eqs 16 and 17 and will be discussed in subsection IVF.
E. Coupling of cooperative fluctuations with single
polymer chain motion
In the following we shall discuss the equation of motion
which determines the dynamics an individual polymer
chain. The PS chains are linear chain molecules which are
described by a chain model for macromolecules.37,38,77
We consider a continuous, differentiable space curve
r(s, τ), where s ∈ [−L/2, L/2] is a coordinate along the
macromolecule and r(L/2, τ) is the position vector of the
labeled end monomer. The Langevin equation of motion
including hydrodynamic interaction is given by77
3piη
∂
∂τ
r(s, τ) =
L/2∫
−L/2
ds′ (3piηH(s− s′) + δ(s− s′))
×(O(s′)r(s′, τ) + f(s′, τ)) + F(s, τ), (24)
with
O(s) = 3kBTp
∂2
∂s2
− 3kBT
4p
∂4
∂s4
. (25)
Here 1/(2p) is the persistence length, H(s−s′) is the hy-
drodynamic interaction tensor, and f(s, τ) is the stochas-
tic force. The force F(s, τ) describes the influence of in-
termolecular forces and is discussed below. The numer-
ical solution of eq 24 allows one to calculate the mean
square displacement (see eq 4) according to
φs(τ) =
〈
(r(L/2, τ)− r(L/2, 0))2
〉
. (26)
This chain model has been used in the limit F(s, τ) = 0 in
order to describe FCS measurements of DNA molecules
in dilute solution.43–45 In particular, the model pre-
dicts the observed crossover from subdiffusive motion
(Bs(τ) in eq 4) to diffusive motion (6Dsτ in eq 4) upon
increasing the time τ . Moreover, it has been shown that
the chain ends are more mobile than the central part of
the polymer chain for short times.45 For comparison we
note that the quantity φs(τ) contributes to the so called
incoherent dynamic structure factor which is accessible
by quasielastic neutron scattering (see ref79 and refer-
ences therein).
The key physics determining the dynamics of chain
molecules in semidilute entangled solution arises from
the intermolecular interaction which are taken into ac-
count in terms of the force F(s, τ) in eq 24. Various ex-
pressions for the force F(s, τ) have been proposed (see,
e.g., refs80–88). These earlier theoretical considerations
have demonstrated the coupling of cooperative fluctua-
tions with single polymer chain motion in the semidi-
lute entangled regime. This coupling allows one to mea-
sure Dc from the dynamics of individual labeled polymer
chains with FCS. Hence, it provides the explanation for
the finding of a cooperative mode in the FCS-experiment.
The topological interaction in semidilute entangled poly-
mer solutions seriously affects dynamical properties since
it imposes constraints on the motion of the polymers.
When the motion of a single polymer chain is partly hin-
dered by the presence of other chains the cooperative
diffusion becomes highly correlated and can be studied
using only a small fraction of labeled molecules. More-
over, the number of molecules statistically involved in
the correlated dynamics increases considerably upon ap-
proaching the glass transition concentration.
Figures 8 (a) and (b) display the function 1/G(τ)−1 for
the 17 kg/Mol PS chains and the 515 kg/Mol PS chains
in dilute solution (solid squares, c→ 0) and in semidi-
lute solution (solid triangles, c = 13 wt %). For the 17
9kg/Mol PS chains only self-diffusion can be measured us-
ing FCS irrespective of the concentration (see Figure 8
(a)) because of insufficient chain overlap. In the case
of the 515 kg/Mol PS chains self-diffusion dominates for
large times as is indicated by the dashed lines in Figure
8 (b). The cooperative diffusion observed in the semidi-
lute entangled solution (solid triangles in Figure 8 (b))
dominates the autocorrelation function on the same time
scale as intramolecular chain relaxations in the case of
a dilute solution (solid squares in Figure 8 (b)). Hence
one may conclude that upon increasing the polymer con-
centration the contribution of internal chain motions to
the single chain dynamics decreases while the contribu-
tion of the cooperative motions increases because of the
fluctuations of the surrounding polymer chains. Both
types of dynamics are observable on the same time scale
but in different concentration regimes for high molecular
weight PS chains. In the case of internal chain motions
the dynamics is driven by fluctuations of the solvent while
fluctuations of the surrounding polymer network induce
the cooperative dynamics. The fact that cooperative dif-
fusion and internal chain motions occur on similar time
and length scales has already been discussed earlier (see
ref89 and references therein).
Without entanglements the local concentration fluc-
tuations at low scattering vectors q are suppressed by
the osmotic pressure of the solution, and the total dy-
namic scattering function Stot(q, φ, τ) measured by DLS
decays via cooperative diffusion according to eqs 16 -
18. However, in the presence of entanglements, there is
an additional suppression of concentration fluctuations.
Some concentration fluctuations may be frozen in by the
entanglements.90–92 This fraction of light scattering sig-
nal may only decay with the spectrum of relaxation times
of the entanglements themselves, leading to a slow relax-
ation of the total dynamic scattering function as is shown
in Figures 9 (a) and (b) for the 67 kg/Mol and 515 kg/Mol
PS chains in semidilute entangled solution at c=13 % wt
(solid triangles). The corresponding upper solid lines in
Figures 9 (a) and (b) have been calculated according to
Stot(q, φ, τ) = Sc(q, φ) exp(−q2Dcτ)
+ Ssl(q, φ) exp(−τ/τsl) , (27)
where τsl is a decay time. For arbitrary values of the
magnitude of the scattering vector q and the volume frac-
tion φ, the shape of the total dynamic scattering function
Stot(q, φ, τ) is more complex than the expression given in
eq 27. For large values of q intramolecular motions lead
to a stretched exponential decay of Stot(q, φ, τ) for short
times (see e.g., refs77,78). Moreover, the contribution of
the slow relaxation to Stot(q, φ, τ) is in general given by
a linear combination of exponentially decaying functions,
i.e.,
∑
i exp(−τ/τi,d).93,94
Experiments on PS in various solvents have con-
firmed that the slow relaxation can be measured using
DLS.95–103 However, the microscopic understanding of
the slow relaxation needs to be improved.104 On the ba-
sis of our FCS and DLS measurements shown in Fig-
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FIG. 8: The FCS autocorrelation function 1/G(τ ) − 1 of 17
kg/Mol polystyrene chains (a) and 515 kg/Mol polystyrene
chains (b) in dilute solution (, c→ 0) and in semidilute so-
lution (N, c = 13 wt %). The dashed lines of slope τ char-
acterize self-diffusion. Intramolecular motions and cooper-
ative diffusion dominate in dilute and semidilute entangled
solution, respectively, for short times in the case of the high
molecular weight polystyrene chains in (b).
ures 8 and 9 we note that self-diffusion (Ds) occurs
on an intermediate time scale, i.e., 1/(q2Dc) = 0.05 ms,
1/(q2Ds) = 16 ms, and τsl = 1087 ms for q = 157.6µm
−1
for the 515 kg/Mol PS chains. For comparison Figures
9 (a) and (b) also display the measured total dynamic
scattering function of the PS chains in semidilute unen-
tangled solution (solid squares). In this case there is no
slow relaxation due to insufficient chain overlap. The cor-
responding lower solid lines in Figures 9 (a) and (b) have
been calculated according to eq 27 with Ssl(q, φ) = 0.
The direct DLS measurement of the slow relaxation
confirms our earlier remark that cooperative diffusion
becomes highly correlated in the transient entanglement
network and can be studied using only a small fraction
of labeled polymer chains within FCS. As is illustrated
in Figure 10 (b) unlabeled polymer chains (see, e.g., the
polymer chain denoted by the index 1) and labeled poly-
mer chains (see, e.g., the polymer chain denoted by the
index 2) move in a coherent manner due to entanglements
into the FCS observation volume enclosed by the grey
ellipsoidal lines. The resulting temporal fluctuations of
fluorescence light emitted by labeled polymer chains can
be detected by FCS in terms of the cooperative diffusion.
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FIG. 9: The total dynamic scattering function Stot(q, φ, τ ) of
67 kg/Mol polystyrene chains (a) and 515 kg/Mol polystyrene
chains (b) measured by DLS in semidilute unentangled solu-
tion (, c = 1 wt %) and in semidilute entangled solution (N,
c = 13 wt %). The solid lines follow from eq 27. For short
times cooperative diffusion dominates, while the slow relax-
ation dominates for very large times in semidilute entangled
solution. There is no slow relaxation in semidilute unentan-
gled solution, i.e., Ssl(q, φ) = 0 in eq 27. The absolute value
of the scattering vector is given by q = 157.6 µm−1.
A spherical volume of mean size equivalent to the radius
of gyration of an individual polymer chain contains about
15 polymer chains at the concentration c+ at which co-
operative diffusion is measured with FCS. Consequently,
neighbouring chains strongly interpenetrate and entangle
with each other leading to highly cooperative motions in
this correlated state. Without entanglements coopera-
tive diffusion cannot be detected if only a small fraction
of the polymer chains are labeled due to insufficient chain
overlap. Hence in dilute and semidilute unentangled solu-
tions the unlabeled polymer chain denoted by 1 in Figure
10 (a) moves from left to right into the FCS observation
volume nearly without influencing the remaining labeled
and unlabeled polymer chains.
F. Onset of glassy dynamics
Upon approaching the glass transition concentration
cgl ≈ 80 wt % of PS in toluene,53,105 the dynamics of the
polymer chains slows down considerably (see ref106 and
references therein). A first signature of this slowing down
1
2
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(a)
1
2
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2
FIG. 10: Schematic illustration of the cooperative diffusion
process which is related to the relaxation of the total poly-
mer number density towards the average total number den-
sity. The polymer chain denoted by the index 1 moves in (a)
and (b) from left to right into the FCS observation volume en-
closed by the grey ellipsoidal lines. The polymer chain diffuses
into the observation volume nearly without influencing the
locations of the remaining polymer chains in an unentangled
solution in (a), while the motion of the polymer chain leads
to coherent movement of the surrounding polymer chains in
semidilute entangled solution in (b). The size of the poly-
mer chains, the size observation volume, and the number of
polymer chains are not drawn to absolute scale. Only the
fact that in (b) the motion of the unlabeled polymer chain
denoted by the index 1 induces a correlated movement of the
labeled polymer chain denoted by the index 2 into the obser-
vation volume is relevant. Each labeled polymer chain carries
only one dye molecule at one of its ends which is marked by
a black dot. As the labeled polymer chain denoted by the
index 2 diffuses into the observation volume from left to right
in (b), it causes temporal fluctuations of the detected fluores-
cence intensity which can be measured by FCS even in the
case that the number of labeled polymer chains is consider-
ably smaller than the number of unlabeled polymer chains.
In addition self-diffusion can be measured using FCS both in
(a) and (b) as discussed in Section IV A. In (b) self-diffusion
of polymer chains corresponds to movements of the polymer
chains along their contour through the transient network.
is given by the deviations of the measured cooperative
diffusion coefficients Dc from the solid line at high con-
centrations in fig 7. The cooperative diffusion coefficient
decreases by more than three decades as compared to its
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maximum value upon further increasing the concentra-
tion (see fig 6 in ref53). A second signature of the onset
of glassy dynamics is given by the shape of the auto-
correlation function G(τ) measured with FCS. Figure 11
displays measured functions 1/G(τ) − 1 (solid symbols)
for the 515 kg/Mol PS chains at three concentrations
c = 9.1, 13, and 20 wt % together with the autocorrela-
tion function for the highest concentration (solid line)
calculated according to eq 5 with eq 3 and
φs(τ) = 6Dsτ +Asτ
β , β = 0.3 . (28)
Subdiffusive motion characterized by the stretching pa-
rameter β is observed as an additional mode on an inter-
mediate time scale between the fast cooperative diffusion
(Dc) and the slow self-diffusion (Ds). The dotted line
in fig 11 represents the asymptotic shape of 1/G(τ) − 1
in the intermediate time regime. Both the exponent
β = 0.3 and the time scale agree with literature values
for PS.53,107
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FIG. 11: The measured FCS autocorrelation function
1/G(τ ) − 1 of a 515 kg/Mol polystyrene solution at
three concentrations: c = 9.1 wt %, (•); c = 13 wt %, (N);
c = 20 wt %, (). The solid line displays the result for the
highest concentration as obtained from eq 5 with eqs 4 and
28 as input. For short and large times cooperative diffusion
and self-diffusion dominate, respectively. The dotted line rep-
resents the asymptotic shape of the autocorrelation function
in the intermediate time regime.
V. AN APPLICATION: COMPARISON WITH
MINIMUM CONCENTRATION REQUIRED TO
PRODUCE NANOFIBERS
The understanding of dynamical properties of semidi-
lute entangled polymer solutions is also important for
various technological relevant applications. As an ex-
ample we discuss the formation of nanofibers from poly-
mer solutions. Polymer nanofibers are attractive build-
ing blocks for functional nanoscale devices. They are
promising candidates for various applications, including
filtration, protective clothing, polymer batteries, sen-
sors, and tissue engineering.108,109 Electrospinning is one
of the most established fiber fabrication methods and
has attracted much attention due to the ease by which
nanofibers can be produced from polymer solutions.110
Fibers produced by this approach are at least one or
two orders of magnitude smaller in diameter than those
produced by conventional fiber production methods like
melt or solution spinning. In a typical electrospinning
process a jet is ejected from the surface of a charged
polymer solution when the applied electric field strength
overcomes the surface tension. The ejected jet travels
rapidly to the collector target located at some distance
from the charged polymer solution under the influence of
the electric field and becomes collected in the form of a
solid polymer nanofiber. However, this method requires
a dc voltage in the kV range and high fiber production
rates are difficult to achieve because only a single fiber
emerges from the nozzle of the pipet holding the poly-
mer solution.110 In order to overcome these deficiencies
an efficient procedure enabling the parallel fabrication
of a multitude of polymer fibers with regular morphol-
ogy and diameters as small as 25 nm has been reported
recently.111 It involves the application of drops of a poly-
mer solution onto a standard spin coater, followed by fast
rotation of the chuck, without the need of a mechanical
constriction. The fiber formation relies upon the insta-
bility of the spin-coated liquid film that arises due to
a competition of the centrifugal force and the Laplace
force induced by the surface curvature. This Rayleigh-
Taylor instability triggers the formation of thin liquid
jets emerging from the outward driven polymer solution,
yielding solid nanofibers after evaporation of the solvent.
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FIG. 12: The concentration c+ (•) at which the cooperative
diffusion mode appears in the FCS measurements together
with the minimum concentration cfib () required to produce
nanofibers111 as a function of the molecular weight Mw . The
solid line of slope M
−4/5
w represents a scaling relation valid
for polymers in a good solvent.
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The reason why the ejected jets of polymer solution
do not further break up into individual droplets, but
rather give rise to continuous, solid nanofibers, is the
related to the dynamic properties of the polymer solu-
tions. In order elucidate this point in more detail, Fig-
ure 12 displays the minimum concentration cfib required
to produce nanofibers from 200 kg/Mol and 950 kg/Mol
poly-(methylmethacrylate) solution (open squares)111 to-
gether with the concentration c+ at which the coopera-
tive diffusion mode appears in the FCS measurements
of the 67 kg/Mol, 264 kg/Mol, and 515 kg/Mol PS so-
lutions (solid circles). Interestingly, the concentrations
cfib and c
+ follow approximately the same scaling re-
lationship cfib = c
+ ∼ M−4/5w (c.f., eq 13). Hence,
the nanofiber formation requires that the polymer con-
centration exceeds the concentration c+ where basically
all molecules are involved in the correlated cooperative
dynamics. Uniform fibers cannot be obtained for lower
concentrations due to insufficient chain overlap and the
dominating self-diffusion which leads to a disentangle-
ment under the influence of external forces such as the
centrifugal force or the electrostatic force.
VI. CONCLUSION
A general analysis of the diffusion in polystyrene so-
lutions obtained by fluorescence correlation spectroscopy
and by dynamic light scattering has been presented. Two
different diffusion coefficients have been obtained with
fluorescence correlation spectroscopy using single-labeled
polystyrene in toluene solutions [Figures 1 - 4]. The self-
diffusion coefficient Ds results from fluorescence corre-
lation spectroscopy in the limit of small concentrations
of labeled molecules and for arbitrary concentrations of
unlabeled molecules. Moreover, the cooperative diffusion
coefficientDc in the semidilute entangled regime becomes
accessible as well which is ascribed to an effective long-
range interaction of the labeled chains in the transient
entanglement network. The self-diffusion coefficients Ds
can be determined from the cooperative diffusion coeffi-
cient Dc obtained by dynamic light scattering measure-
ments and vice versa according to eqs 8 and 9.
The measurements verify the basic scaling and repta-
tion theory for semidilute entangled polymer solutions
[Figures 3, 5, 6 and eqs 10, 12, 14]. A quantitative basis
for the modelling of the cooperative diffusion coefficient
is given by a Langevin and generalized Ornstein-Zernike
equation [eqs 15 - 23]. The calculated cooperative diffu-
sion coefficients agree with the measured results both in
the dilute and semidilute regimes [Figure 7]. In particu-
lar the features of the crossover region between the dilute
and the semidilute regimes are captured correctly by the
underlying integral equation theory.
For large times the decay of the fluorescence correla-
tion spectroscopy autocorrelation function is dominated
by self-diffusion, while intramolecular chain relaxations
in dilute solution and cooperative diffusion in semidilute
entangled solution dominate for short times [Figures 6
and 8]. An additional slow relaxation in semidilute entan-
gled solution can be observed by dynamic light scattering
[Figure 9]. Moreover, the fluorescence correlation spec-
troscopy autocorrelation function exhibits an additional
mode on an intermediate time scale upon approaching
the glass transition concentration [Figure 11].
Finally, it has been shown the minimum concentration
required to produce solid nanofibers from a polymer
solution follows the same scaling relationship as the
concentration at which the cooperative diffusion mode
appears in the fluorescence correlation spectroscopy
measurements [Figure 12]. The nanofiber formation
requires that the polymer concentration exceeds the
concentration where basically all molecules are involved
in the correlated cooperative dynamics. Hence flu-
orescence correlation spectroscopy is helpful for the
understanding of dynamical properties of semidilute
entangled polymer solutions in the case of technological
relevant applications.
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